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Abstract
We investigate, when a topological group G is pseudocompact at infinity, that is, when bG \G
is pseudocompact, for each compactification bG of G. It is established that if G is a non-discrete
topological group such that every compact subspace ofG is scattered, thenG is metrizable if and only
if it is not pseudocompact at infinity. More generally, a topological group in which every compact
subspace has a point of countable character is either metrizable or pseudocompact at infinity. In
particular, each non-metrizable topological group of cardinality at most ω1 is pseudocompact at
infinity, while it need not be countably compact at infinity even in the countable case. We observe
that every pseudocompact group is pseudocompact at infinity. None of these results generalizes to the
class of all Tychonoff spaces. On the other hand, every P -space is shown to be countably compact at
infinity.
We also introduce a curious concept of a crowded mapping, unifying those of a condensation and
of an open continuous mapping with a dense-in-itself image.
From the general results obtained it follows that if a countable space Y is an image of a dense-
in-itself metrizable space under a condensation, then Y is not countably compact at infinity. The
importance of the notion of a crowded mapping for the theory of topological groups may lie in the
following fact established in Section 3: every continuous homomorphism of one topological group
into another with a non-open kernel is crowded. Ó 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
All spaces in this article are assumed to be Tychonoff. Following the classical paper [10]
of Henriksen and Isbell, we say that a space X has some topological property P at infinity,
if for every compactification bX of X the remainder bX \ X has the property P . Most
often the properties P considered under this approach are preserved in both directions
under perfect mappings.
If this is the case, then a space X has the property P at infinity if and only if there exists
a compactification bX of X such that the remainder bX \X has the property P .
The general direction of this article can be described as follows: we are interested, when
a space of a topological group has a certain property P at infinity. In particular, we want
to know when a topological group G is pseudocompact at infinity.
Notice that our general question has an interesting, and almost equivalent, counterpart:
when the remainder of a topological space X in some compactification bX of X is a
topological group? It seems that this general question was not systematically considered,
while there are some important well known results treating the much more general problem
of topological homogeneity of remainders of topological spaces in compactifications
(see [9,12]).
We will need a classical and some very recent results on remainders. A space X is of
countable type if for every compact subspace F of X there exists a compact subspace Φ
of X such that F ⊂ Φ and Φ has a countable base of neighborhoods in X. Isbell and
Henriksen proved [10] that a space X is Lindelöf at infinity if and only if it is of countable
type. In particular, every metrizable space is Lindelöf at infinity, and, more generally, every
p-space (see [1]) is Lindelöf at infinity. Notice, that a topological group G is of countable
type if and only if it is a paracompact p-space, and this happens if and only if there exists a
continuous open homomorphism ofG onto a metrizable groupM with compact preimages
of points (see [11]). This explains, why topological groups of countable type are called
almost metrizable. We also recall that paracompact p-spaces are precisely preimages of
metrizable spaces under perfect mappings [1].
Since countable compactness implies pseudocompactness, the following recent results
from [6] are closely related to the subject of this article.
Theorem 1.1 [6]. Every extremally disconnected topological group G is countably
compact at infinity.
Recall that a space X is extremally disconnected if the closure of every open set in G
is open. It was observed in [6] that not every extremally disconnected space is countably
compact (or, even, pseudocompact) at infinity. A general result behind Theorem 1.1 is as
follows:
Theorem 1.2 [6]. If X is an extremally disconnected topological space which does not
contain a topological copy of βω \ ω, then X is countably compact at infinity.
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Here is another sufficient condition for a space to be countably compact at infinity,
which, it seems, was not formulated before. Recall that a space Y is called ω-bounded,
if, for each countable subset A of Y , the closure of A in Y is compact. Clearly, every ω-
bounded space is countably compact. A space X is a P -space, if every Gδ-subset of X is
open.
Theorem 1.3. Every P -space X is ω-bounded at infinity (and, therefore, countably
compact at infinity).
Proof. Let bX be a compactification of X, and Y = bX \ X. Assume that Y is not ω-
bounded. Then there exists a countable subset A of Y and a point x ∈X such that x is in
the closure of A. For each y ∈ A we fix an open neighbourhood Vy of y in bX such that
x /∈ Vy . Put Wy = Vy ∩ X, for each y ∈ A, and B =⋃{Wy : y ∈ A}. Then B ⊂ X, and
A⊂ B , since X is dense in bX. It follows that x is in the closure of B in X, since x ∈ A.
On the other hand, the set G=⋂{X \Wy : y ∈ A} is an open neighbourhood of x in X,
since X is a P -space. Therefore, x is not in the closure of B , a contradiction. 2
Observe, thatX does not have to be a P -space forX to be ω-bounded at infinity. Indeed,
every locally compact space is ω-bounded at infinity.
In Section 3 we present a sufficient condition for a space to be not countably compact
at infinity, formulated in terms of mappings, from which we draw some conclusions for
the case of topological groups. This allows to identify topological groups, which are
pseudocompact at infinity and not countably compact at infinity.
Notice, that we do not have an internal characterization of spaces, that are countably
compact at infinity.
Definitions of notions, left undefined in this article, can be found in [8]. We here recall
only a few definitions. A spaceX is said to be scattered, if every non-empty subspace Y of
X contains an isolated in Y point. A space X is said to be ω-scattered, if every non-empty
closed subspace Y of X has a point y of countable character in Y , that is χ(y,Y ) 6 ω.
Clearly, both scattered and first countable spaces are ω-scattered. A space X is Dieudonné
complete, if it is complete with respect to the maximal uniformity compatible with the
topology of X. Finally, following van Douwen, we call a space crowded if it is non-empty
and dense-in-itself.
2. When a topological group is pseudocompact at infinity?
The next theorem is one of the main results in this section.
Theorem 2.1. Let G be a non-discrete topological group such that every compact
subspace of G is scattered. Then G is metrizable if and only if it is not pseudocompact
at infinity.
In the proof of Theorem 2.1 the crucial role belongs to the following assertion:
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Proposition 2.2. LetX be a space in which each compact subspace is ω-scattered, and bX
a compactification ofX such that the remainder bX \X is not pseudocompact. Then either
X has an isolated point or there exists a sequence {Un: n ∈ ω} of non-empty pairwise
disjoint open sets in X converging to a point in X.
Proof. If X contains a compact subspace of the form U , where U is a non-empty open
subset of X, then we may fix a point x ∈ U such that χ(x,U)6 ω. The case χ(x,U)= 1
implies the existence of an isolated in U (and hence in X) point. If χ(x,U)= ω, then we
may fix a base {Vn: n ∈ ω} of open neighborhoods of x in U such that Vn+1 ⊆ Vn for each
n ∈ ω. Now, by letting Un = U ∩ (Vn \ Vn+1), we get the desired sequence of open sets
converging to x .
Next, we may assume that the space X does not contain a non-empty open locally
compact subspace and so Y = bX \ X is dense in bX. Since Y is not pseudocompact,
there exists an infinite family {Vn: n ∈ ω} of non-empty open sets in Y discrete in Y .
For every n ∈ ω we can fix an open subset Wn of bX such that Vn =Wn ∩ Y . Since Y
is dense in bX, the set Wn is contained in the closure of the set Vn in bX. Therefore, the
family γ = {Wn: n ∈ ω} does not have limit points in Y . It follows that the set F of all
limit points of the family γ in bX is contained in X. Since bX is compact, the set F is not
empty.
Clearly, F is closed in bX; therefore, F is compact. Since F ⊂ X, it follows that F is
ω-scattered. Hence, there exists a point a in F such that χ(a,F ) 6 ω. Fix a decreasing
family {Ona : n ∈ ω} of open neighborhoods of a in bX such that
⋂{Ona : n ∈ ω}∩F = {a}.
Since a ∈ F , we may define an increasing sequence of integers nk in such a way that
Oka ∩Wnk 6= ∅.
Put Uk =Oka ∩Wnk , for each k ∈ ω. Then the family η= {Uk: k ∈ ω} is infinite, disjoint,
consists of non-empty open subsets of bX and converges to a. The first three properties of
η are obvious, while the last follows from compactness of bX and the fact that a is, clearly,
the only limit point of the family η in bX. Indeed, any limit point of η should belong to
F and to every Oka and consequently it must coincide with a. It remains to consider the
family of traces of the sets Uk on the space X, where k ∈ ω; observe that each Uk ∩X is
non-empty, since X is dense in bX. 2
Theorem 2.3. A non-locally compact topological group G in which every compact
subspace is ω-scattered is metrizable in and only if it is not pseudocompact at infinity.
Proof. (Necessity) Let bG be any compactification of G. Since G is metrizable, it is
Lindelöf at infinity [10]. Let us now assume that bG \G is pseudocompact. Then bG \G
is compact, since it is also Lindelöf, which implies that G is open in bG and, therefore,
locally compact, which is a contradiction.
(Sufficiency) Let us assume that there exists a compactification of G such that the
remainder is not pseudocompact. Then, by Proposition 2.2, G has an isolated point or
there exists a sequence {Un: n ∈ ω} of disjoint non-empty open sets in G, converging to
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a point a ∈G. Since G is a topological group, it follows that the space G is in both cases
first countable and, therefore, metrizable [4]. 2
Corollary 2.4. A topological group in which every compact subspace is ω-scattered is
either metrizable or pseudocompact at infinity.
Proof of Theorem 2.1. A locally compact space in which every compact subspace
is scattered has isolated points. Therefore, a non-discrete topological group in which
every compact subspace is scattered is not locally compact and the result follows from
Theorem 2.3. 2
Remark 1. A space of countable type in which every compact subspace is ω-scattered has
points of countable character. Thus, a topological group of countable type is metrizable if
and only if all its compact subspaces are ω-scattered. From Theorem 2.3 and the result in
[10] used in the proof of Theorem 2.3, it follows that a non-locally compact topological
group in which every subspace is ω-scattered is Lindelöf at infinity if and only if it is not
pseudocompact at infinity.
Notice also that, by Corollary 2.4, if a topological group in which every compact
subspace is ω-scattered is not pseudocompact at infinity, then it is metrizable. However,
in Theorem 2.1 the assumption “scattered” cannot be weakened to “ω-scattered” and in
Theorem 2.3 the assumption “non-locally compact” cannot be weakened to “non-discrete”.
For, let G be the real line. ThenG is a non-discrete locally compact metrizable topological
group. That is, every compact subspace of G is ω-scattered and G is compact at infinity,
and hence pseudocompact at infinity.
Corollary 2.5. If the cardinality of a topological group G is strictly less than 2ω1 , then G
is either pseudocompact at infinity, or metrizable (and then G is Lindelöf at infinity).
Proof. It is well known that the cardinality of each compact space having no point
of countable character is not less than 2ω1 (see 3.12.11 in [8]). It remains to apply
Theorem 2.3. 2
Corollary 2.6. Each non-metrizable topological group of cardinality at most ω1 is
pseudocompact at infinity.
Example 2.7. There exists a non-metrizable countable topological group G such that
the space G is not countably compact at infinity. Indeed, there exists a countable dense
subgroup G in Dc (where c = 2ω) [4,8,11]. Let us show that the remainder Y = Dc \G
is not countably compact. Fix any point a ∈G. Since G is countable, there exists a closed
Gδ-set F in Dc such that {a} = F ∩G. In F \ {a} there exists a discrete subspace P such
that a is the only limit point of the set P in Dc and |P | = 2ω (this trivially follows from
assertion 3.12.12(i) in [8]). Clearly, P ⊂ Y . Since a is not in Y , it follows that the infinite
set P does not have limit points in Y . Therefore, Y is not countably compact. In fact, we
just proved that the extent of Y is 2ω.
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Notice that Corollary 2.6 cannot be generalized to all crowded countable non-metrizable
spaces. For example, if X is a countable crowded non-metrizable space containing an open
and closed subspace Y homeomorphic to the space of rational numbers, then X is not
pseudocompact at infinity, since Y is not pseudocompact at infinity.
Another curious feature of the spaceG constructed in Example 2.7 is that it is not normal
at infinity. Moreover, the remainder of G in any compactification bG of G is not normal.
This follows from the next result:
Corollary 2.8. If G is a non-metrizable topological group of cardinality at most ω1 such
that the remainder of G in some compactification bG of G is normal, then G is countably
compact at infinity.
Proof. By Corollary 2.6, the space Y = bG\G is pseudocompact. It is also normal, by the
assumption. It follows, that Y is countably compact [8]. However, countable compactness
is preserved in both directions by perfect mappings. Therefore, the remainder of G in any
compactification ofG is countably compact, that is,G is countably compact at infinity. 2
Here is another corollary from Theorem 2.3:
Corollary 2.9. A topological group G of cardinality at most ω1 is metrizable if and only
if it is Dieudonné-complete at infinity.
Proof. Every Lindelöf space is Dieudonné-complete (see 8.5.13 in [8]) and so, if G is
metrizable, then G is Dieudonné-complete at infinity. On the other hand, if G is not
metrizable, then by Corollary 2.6 it is pseudocompact at infinity. But then, since every
Dieudonné-complete pseudocompact space is compact (see 8.5.13 in [8]), it follows thatG
cannot be Dieudonné-complete at infinity, because this would implyG locally compact and
every locally compact topological group of cardinality at most ω1, being also ω-scattered,
is first countable and hence metrizable [4]. 2
A space Y is said to be σ -metacompact if every open covering of Y can be refined by a
σ -point finite open covering.
Corollary 2.10. A topological group of cardinality at most ω1 is metrizable if and only if
it is σ -metacompact at infinity.
Proof. Uspenskij established in [13], that every σ -metacompact pseudocompact space
is compact. Since every Lindelöf space is σ -metacompact, the proof is as in Corol-
lary 2.9. 2
The above proof of Corollary 2.10 is different from the one given in [5] for the countable
case.
A space X is called a left space (or a left separated space) if the set X can be well-
ordered in such a way that, for each x ∈X, the set of all predecessors of x in X is closed.
Every compact subspace of a left space is scattered [3]. Therefore, the next assertion holds:
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Corollary 2.11. If a topological groupG is a left space, then eitherG is metrizable, orG
is pseudocompact at infinity.
Theorem 2.12. Every pseudocompact topological group is pseudocompact at infinity.
Proof. The Stone– ˇCech compactification βG of G is a topological group containingG as
a topological subgroup (see [7]). We may assume, that the space G is not compact. Then it
is also not locally compact, since every locally compact group is paracompact (see [11]),
and each paracompact pseudocompact space is compact [8].
We put Y = βG \G, and let H = aG, where a is some element of Y . Then, clearly,
H ⊂ Y , and H is pseudocompact, since H is homeomorphic to G. Since G is dense
in βG, the set H is also dense in βG. Therefore, H is dense in Y . It follows that
Y is pseudocompact. However, the remainder of G in any compactification of G is a
continuous image of Y (see [8]). It follows that all remainders of G in compactifications
are pseudocompact, which means that the space G is pseudocompact at infinity. 2
Recall that a space X is nowhere locally compact if each compact subset of X has an
empty interior.
Corollary 2.13. If a space X is nowhere locally compact, and the remainder of X in some
compactification bX is a pseudocompact group G, then X is pseudocompact.
Proof. Indeed, bX is also a compactification of G, since X is nowhere locally compact. It
remains to apply Theorem 2.12. 2
Example 2.14. Not every pseudocompact space can be represented as a remainder in a
compactification of a pseudocompact group. Indeed, any locally compact non-compact
space is not a remainder of any topological group in any compactification [5]. In particular,
the space ω1 of countable ordinals is a pseudocompact locally compact non-compact space,
and, by the above argument, ω1 is not a remainder in a compactification of any topological
group.
Question 2.15. LetD = {0,1} be the standard Boolean group, consisting of two elements,
and G the Σ-product of uncountably many copies of the group D [3,8]. Is the space G a
remainder of some topological group H in a compactification of H ? Notice, that G is a
countably compact topological group [3,11]. According to Corollary 2.13, if suchH exists,
then it is a pseudocompact group.
Since the space G in Question 2.15 is normal, the next problem may be relevant to
Question 2.15:
Question 2.16. When is a topological group H normal at infinity?
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3. Condensations of countable spaces and countable compactness at infinity
Theorem 2.1 and Example 2.7 suggest to consider how strong is the assumption that a
space is countably compact at infinity. In this section we find a rather curious connection
between this property and the existence of certain condensations. This allows to distinguish
an important subclass of the class of all countable spaces. Elements of this class are
called proper countable spaces; we establish some properties of these spaces. Recall that
a condensation is a one-to-one continuous mapping of one space onto another.
Clearly, every countable space is a continuous image of a countable metrizable space:
of the discrete countable space! Now, assume that Y is a crowded countable space. Is then
Y an image of a crowded countable metrizable space under a condensation? This natural
question turns out to be much less trivial than the preceding one, and in general the answer
is “no”. Here is an elementary assertion which shows it.
Proposition 3.1. If a space Y is an image of a non-discrete sequential space X under a
condensation f , then Y contains a non-trivial convergent sequence.
Proof. Let a be a non-isolated point of X. Then a is the only point in the closure of the
set A = X \ {a} which is not in A. Since X is sequential, it follows that some sequence
ξ = (an: n ∈ ω) of points of A converges to a [8]. We put bn = f (an), for each n ∈ ω, and
η= (bn: n ∈ ω). Since f is a condensation, it follows that η is a non-trivial sequence in Y ,
converging to the point b= f (a). 2
Let us call a space Y proper, if it is an image of a crowded metrizable space under
a condensation. Obviously, every proper space is crowded and, hence, infinite. From
Proposition 3.1 we immediately get the following conclusion:
Corollary 3.2. Every proper space contains a non-trivial convergent sequence.
Now it is clear that not every countable crowded space is proper. Indeed, the following
assertion immediately follows from Corollary 3.2 and the fact that all convergent sequences
in extremally disconnected spaces are trivial.
Corollary 3.3. Every extremally disconnected space is not proper.
It is natural to ask if the properness of a space is somehow reflected by its properties
at infinity. Here Corollary 3.3 may prove to be helpful. It was shown in [6] that every
extremally disconnected countable space is countably compact at infinity. This result
suggests to consider if countable proper spaces can be countably compact at infinity.
Theorem 3.4. Let X be a proper countable space. Then X is not countably compact at
infinity.
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This result is a particular case of a more general Theorem 3.10 below. To formulate
and prove Theorem 3.10, we have to introduce a new notion. A mapping f of a space X
into a space Y will be called crowded if for each crowded open subset U of X the image
f (U) of U is a crowded subset of Y . If the image under f of every crowded subset of X
is a crowded subset of Y , then f is called strictly crowded. The next three assertions are
obvious:
Proposition 3.5. Every finite-to-one continuous mapping of any space X into any space
Y is strictly crowded.
Corollary 3.6. Every condensation of a space X onto a space Y is strictly crowded.
Proposition 3.7. Every open continuous mapping of any space X into a crowded space Y
is crowded.
Though condensations constitute a most important subclass of the class of crowded
mappings, Proposition 3.7 shows that there are crowded mappings which are very far from
being condensations.
We also need the next obvious lemma:
Lemma 3.8. Let Y be a dense subspace of a space X. Then Y is crowded if and only if X
is crowded.
The next simple result specifies an important property of crowded mappings. In what
follows, for any continuous mapping f of a space X into a space Y , f ∗ stands for its
continuous extension to the Stone– ˇCech compactifications βX and βY .
Proposition 3.9. For any continuous crowded mapping f of a space X into a space Y its
continuous extension f ∗ to the Stone– ˇCech compactifications βX and βY is crowded.
Proof. Let U be a crowded open subset of βX, and V = U ∩X. Clearly, V is a crowded
open subset of X. Therefore, f (V ) is crowded, since f is crowded. By the continuity of
f ∗, f (V ) is dense in f ∗(U). Now from Lemma 3.8 it follows that f ∗(U) is crowded. 2
Our main general result on crowded mappings and remainders in compactifications is as
follows.
Theorem 3.10. Let f be a crowded continuous mapping of a crowded space X of
countable type onto a space Y such that every compact subspace of Y is scattered. Then Y
is not countably compact at infinity.
To prove this assertion, we need the next lemma:
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Lemma 3.11. Let f be a crowded continuous mapping of a crowded spaceX onto a space
Y such that every compact subspace of Y is scattered. Then (βX) \ (f ∗)−1(Y ) is dense in
βX, and, therefore, in (βX) \X.
Proof. Assume the contrary. Then there exists a non-empty open subset U of βX such
that f ∗(U) ⊂ Y . Observe that βX is crowded, since X is crowded (see Lemma 3.8).
Therefore, U is crowded. By Proposition 3.9, since f is crowded, the mapping f ∗ is also
crowded. It follows that the set B = f ∗(U) is crowded. Also, f ∗(U) is a compact subset
of Y . Therefore (see also Lemma 3.8), the closure of B in Y is a non-empty compact
crowded subspace F of Y . This is a contradiction, since, by the assumption, every non-
empty compact subspace of Y contains an isolated in this subspace point. 2
From Lemma 3.11 we easily get the next result:
Proposition 3.12. Let f be a crowded continuous mapping of a crowded space X onto a
countably compact at infinity space Y such that every compact subspace of Y is scattered.
Then X is pseudocompact at infinity.
Proof. Indeed, by Lemma 3.11, (βX)\(f ∗)−1(Y ) is dense in (βX)\X. Since the mapping
f ∗ is perfect and βY \Y is countably compact, it follows that the space (βX) \ (f ∗)−1(Y )
is countably compact [8]. Therefore, (βX) \X is pseudocompact, which implies that X is
pseudocompact at infinity. 2
Proof of Theorem 3.10. Assume the contrary: that Y is countably compact at infinity.
Then, by Proposition 3.12, the space X is pseudocompact at infinity. On the other hand, it
is Lindelöf at infinity, by the well-known theorem of Henriksen and Isbell [10]. It follows
that X is compact at infinity, and, therefore, the space X is locally compact. Then there
exists a non-empty open subset U in X, the closure of which F =U is compact. SinceX is
crowded, the spacesU and F are also crowded. Hence, since f is crowded, the space f (F )
is crowded. On the other hand, f (F ) is a compact subspace of Y ; hence, f (F ) is scattered,
and there is an isolated point in f (F ). This contradiction completes the proof. 2
Remark 2. In the statement of Theorem 3.10 it is not possible in general to replace
scattered with ω-scattered, even in the case that Y is a topological group. Consider, for
instance, the very simple case of the real line as X and Y and the identity mapping as f .
Corollary 3.13. Let f be a crowded continuous mapping of a crowded space X of
countable type onto an extremally disconnected space Y . Then Y contains a topological
copy of βω.
Proof. Assume that Y does not contain any topological copy of βω. Therefore, by
Theorem 1.2 (which is Theorem 2.13 in [6]), the space Y is countably compact at infinity.
On the other hand, it is well known that if an extremally disconnected space does not
contain a topological copy of βω, then all compact subspaces of this space are finite
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(see [3,8]). Therefore, by Theorem 3.10, Y is not countably compact at infinity. This
contradiction completes the proof. 2
Here are some interesting special cases of Corollary 3.13:
Corollary 3.14. Let f be a crowded continuous mapping of a crowded space X of
countable type onto a dense subspace Y of a topological group G. Then Y (and G) is
not extremally disconnected.
Proof. Notice, that if G is extremally disconnected, then Y is extremally disconnected,
as a dense subspace of G [8]. Now assume that Y is extremally disconnected. Then G is
extremally disconnected, by Proposition 4.20 in [7]. Therefore, every compact subspace
of G is finite, since G is a topological group [2]. Hence, every compact subspace of Y is
finite. Now from Theorem 1.2 it follows that Y is countably compact at infinity, and, on
the other hand, it follows from Theorem 3.10 that Y is not countably compact at infinity.
This contradiction completes the proof. 2
Since every condensation is a crowded mapping, from Corollary 3.14 we obtain:
Corollary 3.15. Any extremally disconnected topological group cannot be represented as
an image under a condensation of a crowded space of countable type.
Corollary 3.16. Let f be a crowded continuous mapping of a crowded space X of
countable type onto a topological group G. Then at least one of the following three
conditions is satisfied:
(1) There exists an infinite dense-in-itself compact subspace in G;
(2) The space G is not normal at infinity;
(3) The space G is metrizable.
Proof. Assume that condition (1) is not satisfied. Then, by Theorem 3.10, the space
G is not countably compact at infinity. Assume, further, that condition (2) is also not
satisfied, that is, G is normal at infinity. Then G is not pseudocompact at infinity, and
from Theorem 2.1 it follows that G is metrizable. Thus, condition (3) holds. 2
The notion of a crowded mapping may turn out to be particularly useful in the study of
continuous homomorphisms of topological groups, since these homomorphisms are very
often crowded, as we will see in a moment.
A mapping f of a space X into a space Y will be called discrete if the preimage of any
subset of Y is open in X. Clearly, f is discrete if and only if f−1(y) is open in X for each
y ∈ Y . Of course, any mapping of a discrete space X into any space Y is discrete. Notice
that a homomorphism f of a topological groupG into a topological group H is discrete if
and only if its kernel f−1(e) (where e is the neutral element of H ) is open.
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Theorem 3.17. A continuous homomorphism f of a topological group G into a
topological group H is crowded if and only if it is not discrete, that is, the kernel f−1(e)
of f is not open.
To prove this assertion, we need two simple results, the second of which easily follows
from the first and Propositions 3.5 and 3.7.
Proposition 3.18. Let f = hg, where g is a crowded mapping and h is a strictly crowded
mapping. Then f is a crowded mapping.
Proposition 3.19. Let f = hg, where g is an open continuous mapping of a space X into
a crowded space Y , and h is a finite-to-one continuous mapping of Y into a space Z. Then
f is a crowded mapping of X into Z.
Proof of Theorem 3.17. It is well known that f can be represented as a composition of
an open continuous homomorphism g of G onto a topological group F and a continuous
monomorphism h of F into H . According to the definition of discreteness of a mapping,
f is discrete if and only if F is discrete.
Let us show that f is crowded if and only if F is not discrete. Assume that F is not
discrete. Then F is crowded, since it is homogeneous. Therefore, by Proposition 3.19, f
is crowded.
Now, if F is discrete, then, for any a in F , U = g−1(a) is a non-empty open subset
of X, the image of which under f consists of only one point h(a) and, therefore, is not
crowded. 2
Corollary 3.20. If f is a continuous homomorphism of an almost metrizable group G
onto a topological group H , then at least one of the following four conditions is satisfied:
(1) f is discrete;
(2) There exists a non-empty dense-in-itself compact subspace of H ;
(3) The space H is not normal at infinity;
(4) The space H is metrizable.
The conclusion in some of the above results can be considerably strengthened if we
assume, in addition, that the spaces and groups under consideration are connected. First of
all, the next assertion is an obvious corollary of the definition of a discrete homomorphism:
Proposition 3.21. A continuous homomorphism of a connected topological group G onto
a topological group H is discrete if and only if H contains not more than one point.
Now Theorem 3.17 implies the following result:
Corollary 3.22. Every continuous homomorphism of a connected topological group G
onto a topological group H containing more than one point is crowded.
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Combining together Corollary 3.20 and Proposition 3.21, we obtain:
Corollary 3.23. If f is a continuous homomorphism of a connected almost metrizable
group G onto a topological group H , then H satisfies at least one of the following three
conditions:
(1) There exists a non-empty dense-in-itself compact subspace of H ;
(2) The space H is not normal at infinity;
(3) The space H is metrizable.
Remark 3. Condition (2) in Corollary 3.23 can be replaced by any of the following two
conditions:
(4) The space H is not σ -metacompact at infinity;
(5) The space H is not Dieudonné-complete at infinity.
To prove this, we argue as in Corollaries 2.9 and 2.10.
Corollary 3.24. Every continuous homomorphism f of an almost metrizable group G
onto an extremally disconnected group H is discrete.
Proof. Indeed, it is enough to apply Theorem 3.17 and Corollary 3.14. 2
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